Algorithms are developed by means of which certain connected pairs of Fredholm integral equations of the first and second kinds can be converted into Fredholm integral equations of the second kind. The methods are then used to obtain the solutions of two different sets of triple integral equations that occur in mixed boundary value problems involving Laplace's equation and the wave equation respectively.
Introduction
In two previous papers [1] , [2] we have discussed certain classes of Fredholm integral equations of the first kind that arise in the investigation of solutions to some dual-triple-quadruple integral and series equations. In those papers we presented constructive methods for reformulating the integral equations as Fredholm integral equations of the second kind from which the solutions of the original equations can be found.
In this paper we extend the discussion to another class of linked pairs of integral equations of the first and second kinds which occur naturally in the investigation of some three-part boundary value problems in which Dirichlet, Neumann and Robin-type boundary conditions are imposed on the three different portions of the boundary.
As a simple illustrative example, consider the problem of finding the axially symmetric potential function tf>(r, z) which satisfies the equation I 2 1 the mixed boundary conditions • 0 -. 0 ) = / ( r ) , 0 < r < a ; <f> 2 (r,0) = -g(r), a < r < b; (1.2) 4>(r,0)-p<l> z (r,0) = h(r), b < r < oo and is such that <f> -* 0 as r 2 + z 2 -> oo. It can be shown that a suitable form for the solution of the problem is given by Triple integral equations of this type do not seem to have been treated in the literature (cf. the integral equations discussed by Sneddon [6] ).
We shall show that the problem of solving such sets of equations can be transformed into that of solving a connected pair of Fredholm integral equations of the first and second kinds of the type P(X)MX) +{j a b fi(y) + j " f2{y))K{x, y) dy = g(x), 0 < a < x < b, (1.7) r(x)f 2 
In the above equations g(x), h(x), r(x) and p(x) are known functions, fi(x) and f 2 (x) are the solution functions to be determined and the kernel function can take either of the forms K(x,y) = L c (x,y:a), o = min(x,y), (1.9)
where the precise definitions of L o and M x will be given in Sections 2 and 3, respectively.
In Sections 2 and 3 we show that the problem of solving the pair of equations (1.7) and (1.8) can, in each case, be reduced to that of solving a Fredhohn integral equation of the second kind. To illustrate the use of the algorithms developed in these sections we then solve, in Section 4, some general triple integral equations which include equations (1.4) to (1.6) as a special case and in Section 5 we discuss some triple integral equations that arise in mixed boundary value problems involving the wave equation.
Integral equations with the kernel L a (x, y : 0)
We first of all consider the problem of finding the solution functions / x (x) and f 2 (x) which satisfy the pair of integral equations 
On inverting the orders of the integrations in these equations and using the definitions (2.4) we find that they can be expressed in the operational forms
(2-8) To avoid any possible confusion with our notation, it follows from the definitions (2.4) that the first expression appearing on the left hand side of (2.7) is given by
y)A(y) dy) dt.
A similar interpretation holds for the second term in (2.7) as well as the various integral operators in (2.8).
From (2.7) we have that
and eliminating <j>(x)P 2 *(x, a)fi(x) between this equation and (2.8) we obtain, after some simplification, the equation
Inverting the orders of the integrations in (2.10) and using (2.3) we arrive at the following Fredholm integal equation of the second kind for the determination of
When / 2 (x) has been found from this equation the solution function fx(x) can be evaluated from (2.9) in the form 0<x<a.
(2.13)
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. Integral equations with t h e kernel M x ( x , y : d )
We next consider the pair of integral equations 
where ^(f) is a given non-zero function and />,(-*> t), i = 1,2 are the known kernel functions of the integral operators defined by (2.4). It will be noted that the arguments of the functions p t in (3.3) are transposed with those in (2.3); however, we can still use the same definitions (2.4) for the integral operators /», and P / \ With the above definition for M x (x, y.d), \ = max(x, y), we can invert the orders of the integrations in (3.1) and (3.2) and use the definitions (2.4) to find that the pair of equations can be written in the operational forms
Solving (3.5) for \js(x)P 2 (c, x)u 2 (x) and substituting the result into (3.4), we obtain, after a little simplification, the equation
where
is a known function. f6J
Interchanging the orders of the integrations in (3.6) and using (3.3), we get the following Fredholm integral equation of the second kind which determines the function u x (x):
When u x (x) has been found from this equation the solution function u 2 (x) can be found from (3.5) when written in the form 2 \x) -\r 2 \c,x)) c<x<d.
(3.9)
Triple integral equations involving the Hankel transform
As an application of the algorithm described in Section 2 we consider the following general set of triple integral equations 
{ £ a }
On substituting this expression for A(x) into (4.1) and (4.3) and interchanging the orders of the integrations, we find that the equations take on the forms 12) is proved in the appendix and is similar to the result stated by Williams [7] .
It will be seen that (4.8) and (4.9) are precisely of the same type as the pair of equations discussed in Section 2.
On comparing the definitions of the kernel functions (2.3) and (4.12) we see that we must take $(t) = 1 and the kernel functions /?,, / = 1,2, to be 
The solution of some integral equations 211 where the p t (t, x), i = 1,2, are given by (4.13) and (4.14) and the free term is the known function
where g^(x) and g 2 (*) are defined by (4.10). Once / 2 (x) has been found from the above integral equation we have, on using (2.13), that f x (x) is given by 0 < JC < a. (4.31) Finally, having determined fi(x) and f 2 (x), we see that the solution function A(x) of the triple integral equations (4.1) to (4.3) is given by (4.7).
Triple integral equations involving the Kontorovich-Lebedev transform
To illustrate an application of the general method given in Section 3 we shall consider an extension of the triple integral equations solved in [3] , special cases of which occur in three-part boundary value problems involving the wave equation. These are the equations /"°° tsinh{irt)A(t)K il (px)dt = 0, 0 < x < a, (5.1) We now show that the set of equations (5.1) to (5.3) can be converted into a pair of Fredholm integral equations of the type considered in Section 3.
To this end we introduce two functions w x (x) and u 2 (x) defined by the equations 
